Abstract: Based on various string theoretic constructions, and various stringinspired generalizations thereof, there have been repeated suggestions that the areas of black hole event horizons might be quantized in a quite specific manner, in terms of linear combinations of square roots of positive integers. It is important to realise that there are significant physical constraints on such integer-based proposals when one (somewhat speculatively) attempts to extend them outside their original extremal and supersymmetric framework. Specifically, in their most natural and direct physical interpretations, some of the more speculative integer-based proposals for the quantization of horizon areas fail for the ordinary Kerr-Newman black holes in (3+1) dimensions, essentially because the fine structure constant is not an integer. A more baroque interpretation involves asserting the fine structure constant is the square root of a rational number; but such a proposal has its own problems. Insofar as one takes (3+1) general relativity (plus the usual quantization of angular momentum and electric charge) as being paramount, the known explicitly calculable spectra of horizon areas for the physically compelling Kerr-Newman spacetimes indicate that some caution is called for when assessing the universality of some of the more speculative integer-based string-inspired proposals.
Introduction
Various string-theoretic and string-inspired constructions have lead to the suggestion that black hole event horizon areas might follow the quantization rule [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] A + = 8πL
Such a quantization rule was first developed in the context of extremal and supersymmetric black holes where the quantities N are known to quite literally be integers. Even for near-extremal black holes one should be more careful, with reference [3] for instance characterizing the N in the following manner: "we will refer to them as the numbers of branes, antibranes and strings because (as will be seen) they reduce to those numbers in certain limits where these concepts are well defined". The relevant calculations are often best described as string-inspired rather than string-derived. For instance reference [6] describes the calculational framework as "an effective low energy description of black holes", not a general string theory construction per se. These qualifications and reservations have sometimes been neglected in the subsequent literature, and can then lead to a somewhat misleading view of the situation. In situations where there is both an inner (Cauchy) horizon and outer (event) horizon one sometimes encounters the stronger string-inspired conjecture that [6] [7] [8] [9] [10] [11] [12] A + A − = (8πL A more cautious interpretation is that the N might be products of generalized charges, rather than integers [9] . For instance in reference [12] one finds the cautionary comment: "The precise statement is that the products of areas is independent of the mass of the black hole and therefore depends solely on the quantized charges." Such careful cautionary comments are sometimes omitted in other parts of the literature, and the N are sometimes naively taken to be integral without further comment. If one were to take the N to literally be integers than this would imply [6] [7] [8] [9] [10] [11] [12] A ± = 8πL
These integer-based string-inspired proposals are then sometimes conjectured to have a universal and literal validity, for integer N , far beyond the realm in which they were originally obtained. It is this conjecture of universal and literal validity of the integerbased proposals which will be addressed in this current article -and we shall see that there are good reasons for being somewhat cautious in this regard. Specifically, when attempting to connect these specific string-inspired proposals to black holes in (3+1) dimensions, such as the usual Kerr-Newman (electrically charged and rotating) black hole [13] [14] [15] [16] , one should take particular care to note that while angular momentum is naturally quantized in terms of , electric charges are instead quantized in terms of the electron charge Q e -and it is through the combination α = Q 2 e / c that the physical fine structure constant α ≈ 1/137.035999074(44) will be seen to enter the formulae for the areas of the inner and outer horizons of Kerr-Newman black holes.
If one is to take the proposed formulae (1.1)-(1.3) literally, we shall soon see that (if the N are literally to be integers) then for the fine structure constant we would need to set α = 2, a grossly unphysical value. If we relax the string-inspired proposals by "merely" assuming that the product of horizon areas in equation (1.2) be some rational multiple of (8πL
2 , then we would still at the very least need the physical fine structure constant to be the square root of some rational number -α 2 ∈ Q. Any such constraint, apart from being rather baroque and certainly unexpected, is certainly difficult to reconcile with the known renormalization group flow of the fine structure constant. Additionally, such speculative demands on the rational nature of α 2 rapidly begin to take on the flavour of Eddington's "fundamental theory" [17] .
A physically more reasonable interpretation is simply to realise that the areas of Kerr-Newman horizons, while certainly quantized, are not quantized in quite as simple a manner as some of the more speculative integer-based string-inspired constructions suggest. For Kerr-Newman black holes we shall derive a non-integral quantization formula for the product of horizon areas in terms of spin, electric charge, and the fine structure constant. Related intrinsically non-integral quantization formulae for the individual inner (Cauchy) and outer (event) horizon will also be obtained.
That is: Insofar as currently available string-inspired conjectures lead to integerquantized products of horizon areas, these specific conjectures do not seem to be in any straightforward manner compatible with ordinary (3+1) general relativity. Conversely, insofar as one takes ordinary (3+1) general relativity (plus quantization of angular momentum and electric charge) as being paramount, the spectra of horizon areas does not resemble that of some of the more speculative integer-based string-inspired theoretical conjectures. It seems that some caution is called for when assessing the universality of some of the more speculative integer-based string-inspired proposals.
Kerr-Newman black holes
In Boyer-Lindquist coordinates the (3+1) Kerr-Newman geometry of a rotating charged black hole takes the form [13] [14] [15] [16] 
and we are using standard geometrodynamic units (G = c = 1, as in MTW [15] ). For a discussion of the uncharged rotating Kerr black hole see [18] [19] [20] . The horizons, where ∆ = 0, are located at
3)
The areas of these horizons are easily seen to be
That is, (in geometrodynamic units)
The remarkable feature of this purely classical result is that this product is independent of the mass m of the black hole, and depends only on the conserved charges J and Q. For extensive discussion of this purely classical (3+1) dimensional result and its extensions see for instance [21] [22] [23] [24] . Similar purely classical results for the product of inner and outer horizon areas are known to hold for a wide variety of more exotic black holes in four or more dimensions [6] [7] [8] [9] [10] [11] [12] , with the product depending on various combinations of the relevant angular momenta and charges (moduli), and quite often being independent of the black hole mass.
Quantized charge and angular momentum
In geometrodynamic units the electron charge is
(Similarly, in Planck units [25] where G = = c = 1 the electron charge is Q e = √ α. In contrast, in so called Stoney units [26, 27] , which pre-date Planck units by some 20 years, one has G = c = Q e = 1, but then = 1/α. Either way there is an α-dependent mismatch between the Planck constant and the charge on the electron.) In physical units the formula (2.8) becomes
If we take the angular momentum to be quantized in units of , (or 1 2 for fermionic black holes), and the electric charge to be quantized in terms of the electron charge Q e , then
and so
This simple calculation is enough to verify our key claims -for Kerr-Newman black holes the product of areas is not quantized as simple integer multiples of (8πL P ) 2 . While under the stated assumptions the product of horizon areas is certainly quantized, the quantization formula contains what is from the point of view of general relativity a free parameter -the fine structure constant.
As presaged in the introduction, if we demand strict and literal compatibility with equation (1.2), then for integer spin this product of areas will not be an integer multiple of (8πL 2 P ) 2 unless the fine structure constant is set to the grossly unphysical value of α = 2, to be compared with the physical value of α ≈ 1/137.035999074(44). For halfinteger spin we can never obtain strict and literal compatibility with equation (1.2), though we could instead set α = 1 and so obtain integer multiples of the reduced quantity (4πL
2 . Furthermore, we note that this product of areas will not even be a rational multiple of (8πL
2 unless α is the square root of a rational number -α 2 ∈ Q -this is a rather baroque constraint which is difficult to square with the known renormalization group running of α, which implies that as a function of energy α will generically flow through both rational and irrational and even transcendental numbers. Indeed, speculative demands on the rational nature of α 2 rapidly begin to take on the flavour of Eddington's "fundamental theory" [17] .
Individual horizon areas
For the inner and outer horizons of the Kerr-Newman geometry we have (in physical units) the mass-independent bounds
If in addition we permit one to explicitly use information concerning the mass, then for the inner and outer horizons of the Kerr-Newman geometry we have (in geometrodynamic units) the individual equalities
or equivalently
In physical units this becomes
In general this is the best one can do; without other external assumptions we have no particular reason for both m/m P and the fine structure constant α not being generic real numbers.
We have already seen that to (exactly and literally) match this spectrum with equation (1.2) we would need to demand the extremely unphysical condition α = 2. To additionally literally match this with equations (1.1) and (1.3) we would then need to additionally demand
While this last step is not particularly problematic, it is the first condition α = 2 that shows this is not a physically viable proposition. Furthermore, even if one makes the very strong (and as we have indicated above, physically rather dubious) assumption that both of the quantities m/m P and α are rational numbers, (not even just the square roots of rational numbers), one would still not obtain the integer-based string-inspired ansatze of equations (1.1)-(1.3). Even under these very strong assumptions the best one could possibly hope for is the following rational generalization of the usual string inspired ansatze:
and
This can be rewritten as
Overall, this has the net effect of somewhat resembling the string-inspired quantization rules of equations (1.1)-(1.3), but now in terms of the "reduced" Planck area
. Even then, one is stepping well outside the original proposal of equations (1.1)-(1.3), and one should be very aware of the strong assumptions one is making, (m/m P ∈ Q, α ∈ Q), assumptions that have no real independent justification, apart from the desire to somehow force the Kerr-Newman black hole into a vaugely stringinspired framework.
As an internal consistency check note that the condition for having horizons (either extremal or non-extremal) and avoiding naked singularities is most often phrased as
When working in terms of J rather than a it is better to rephrase this as
The physically relevant solution to this inequality is (in geometrodynamic units)
whence (in physical units) the condition for the existence of a horizon becomes a bound on the mass:
In this situation the area of the outer horizon is bounded by 5) or in physical units
consistent with the bound we had previously given in equation (4.1).
Bekenstein-style area quantization
Predating the string-inspired conjectures of equations (1.1)-(1.3) by some 25 years, the original Bekenstein proposals for black hole entropy [28, 29] amount to arguing that the event horizon (outer horizon) should instead satisfy
where ζ is a dimensionless number of order unity. Note that Bekenstein's proposal is qualitatively very different from the string-inspired ansatze of equations (1.1)-(1.3).
If we insert Bekenstein's proposal for the quantization of event horizon areas into the explicit formula for A + we obtain a rather specific mass spectrum:
Here N and j are both natural numbers (non-negative integers), q is an integer, while generically we can say no more than α ∈ R and ζ = O(1). This spectrum is nowhere near as straightforward as being simply integer spaced, or even square-root-of-integer spaced, and the special case of the Schwarzschild black hole (with m = m P ζN/2 ) is rather misleading in this regard. Furthermore, if one considers the inner horizon then under the Bekenstein quantization ansatz one has
While this spectrum is certainly discrete, it is nowhere near as simple as being integer spaced. Generically, it is not even rational spaced.
Discussion
We have seen that for the physically interesting Kerr-Newman black holes in (3+1) dimensions it is possible to derive a non-integral horizon-area quantization formula (for the product of inner and outer horizon areas) in terms of spin, electric charge, and the fine structure constant, a formula that is independent of the underlying black hole mass and depends only on the conserved charges. For inner and outer horizons considered separately, there is still a non-integral horizon-area quantization formula, now in terms of spin, electric charge, the fine structure constant, and the mass. The appearance of the fine structure constant in these formulae is perhaps unexpected, though it should not be, and difficult to reconcile with the more naive of the string-inspired conjectures. Explicitly keeping track of occurrences of the fine structure constant in the relevant formulae is more than just a cosmetic detail -it carries real physical impact and forces one to think carefully about the underlying physics.
In the appendices we briefly sketch the complications attendant on introducing magnetic charges, fractional (quark) charges, and multiple U (1) gauge fields. The situation does not qualitatively improve. Specifically: Insofar as currently available string-inspired conjectures lead to integer-quantized products of horizon areas, then these specific integer-based conjectures do not seem compatible with any straightforward application of (3+1) general relativity; insofar as one takes (3+1) general relativity (Kerr-Newman spacetime plus quantization of angular momentum and charge) as being paramount, the resulting spectra of horizon areas does not resemble those of the more naive integer-based string-inspired conjectures. Considerable caution is called for when assessing the universality of some of the more speculative integer-based string-inspired proposals.
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A The effect of including magnetic charge
It is possible to generalize the discussion of this article to include magnetic as well as electric charges, but there is no great gain in doing so. The formulae for horizon area are somewhat more complicated, but the qualitative features of the preceding discussion remain unaltered. In this appendix we sketch several key features of this generalization.
The starting point is to realise that the Kerr-Newman spacetime (like the nonrotating Reissner-Nordstrom spacetime) does not really distinguish the effects of electric charge from magnetic charge, and in the formula for the spacetime metric one should really write
The standard Dirac quantization condition (in particle physics units) reads [30] 
This implies the quantization of magnetic charge. If we take Q e to be the electron charge and Q m to be the smallest possible non-zero magnetic charge, then we have Q electric = qQ e while Q magnetic = q m Q m , and
This is perhaps more usefully written in terms of the "magnetic fine structure constant"
Returning to our area formulae we now substitute (in geometrodynamic units)
whence in physical units
The net result is that to include the possibility of magnetic charge we need merely substitute
in the various formulae appearing in the main text of the article. In particular 8) which is equivalent to the more symmetrical looking form
This formula will add complications to the previous discussion, but will not improve the (non-)matching between the explicitly known Kerr-Newman horizons and the integerbased string-inspired ansatz of equation (1.2).
For the inner and outer horizons of the Kerr-Newman geometry we now have (in physical units) the mass-independent bounds
If we additionally permit one to use information concerning the mass, then 11) or equivalently
Again, this formula will add complications to the previous discussion, but will not improve the (non-)matching between the explicitly known Kerr-Newman horizons and the integer-based string-inspired ansatz of equation (1.3).
The condition for the existence of a horizon (the absence of a naked singularity) now becomes (in physical units) the bound on the mass:
If we now invoke Bekenstein's proposal for the quantization of event horizon areas, and insert it into the explicit formula for A + in the presence of magnetic charge, we obtain the rather specific mass spectrum
where again N and j are both natural numbers, and q and q m are integers, while generically we can say no more than α ∈ R and ζ = O(1). Furthermore, if one considers the inner horizon then under the Bekenstein quantization ansatz one has
Again, while this would add complications to the previous discussion, it will not improve the (non-)matching between the explicitly known Kerr-Newman results and the integerbased string-inspired ansatze of equations (1.1)-(1.3).
B Fractional (quark) charge
The obvious change when one deals with fractional (quark) charge is that now q ∈ Z/3.
Less obvious is what one should do with the Dirac quantization condition. There is widespread (but perhaps not universal) agreement to the effect that only integer (nonconfined) electric charges are subject to Dirac quantization so that Q m and α m are not affected. One need then also decide whether magnetic monopole charges can come in (confined) fractions, q m ∈ Z/3? Fortunately none of these issues qualitatively affect the details of the preceding discussion. As long as both q and q m are discrete integer multiples of some "smallest non-zero quantity" the arguments presented above will automatically follow.
C Multiple U (1) gauge fields
In the same way that the Kerr-Newman spacetime is insensitive to whether the source of the electromagnetic field is an electric or a magnetic charge one could add arbitrary multiple U (1) gauge fields with Maxwell-like Lagrangians. All that would happen is that in the spacetime metric one would need to replace
In physical units this would become
where one is now summing over multiple "electromagnetic" fields with multiple electric and magnetic fine structure constants. One might now speculate that with many U (1) fields and many carefully chosen charges one might somehow arrange (or rather force) the horizon areas to be integer-quantized in the sense of equation ( But now, if ordinary elementary particles (electrons, protons, neutrons) do not carry any of these exotic extra charges, then astrophysical black holes formed from stellar collapse will never satisfy this condition. For astrophysical black holes to satisfy condition (C.3), or equivalently (C.4), which is needed if equation (1.2) is to have any chance at having universal validity, one must postulate that ordinary elementary particles (electrons, protons, neutrons) carry multiple exotic and otherwise unobserved U (1) charges. Furthermore if the fine structure constants α i are generic real numbers then condition (C.4) implies a quite remarkable fine-tuning for astrophysical black holes, while if these fine structure constants are rational numbers one is back to dealing with the issues previously discussed. Condition (C.4) would also seem to imply significant constraints on both the quantity and types of elementary particle that could be "permitted" to undergo collapse to form an astrophysical black hole. This is an extremely high "overhead" to pay to enforce universal integer-valued validity of equation (1.2). In conclusion, insofar as one restricts attention to simple and straightforward physical models based on the Kerr-Newman spacetimes one does not satisfy the quantization conjectures of equations (1.1)-(1.3) in any simple integerbased manner.
